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Assune populafion  Survival demsif/ function is 0= 0 X >90

a) mel C
=90 Y, ‘q

Ans: L= ff(%m Cf€° " dx =-50ce =-50c(e*% 1) =1

b) Tr {‘m<1< 50}
Ans: J‘ f(x) d
Q) FW\J ﬂ'\e €XP€CT€A (@Xﬂcﬂ ﬂﬂﬁ at d(.’dﬂ'\ C)(T>:[T]

E[T]= ftf(c

Foblew 1.6 from Slud TexT (p9.27)

a) Peobailily of 2 udep. lives, W)GJ 25 md 15, bafh survive 20 yrs is 0.7
b) Peobabilily thal (25)  survives 10 prs 15 0.9

Find The P(Oioabili'fy That (35)  survives To age 65.

hs: A= (25) survives 20 y(S ¥ (%5)= :';e aqdl 25
= (. eC : (3s) =it agec 35
B= (45) survives 20 y(s 45)-ife afd 45

Pr(AtB)=0.7="P(A)P(5)

. [ 1 {
1 [ ¥

5 5 95 €5
Pr((25) survives To 65) = P [((Zf;)»‘fs)t((%)%sf)] =P (A)fr(8)=07

F((5)265) = P[((25)235)¢(35) > 65)]
0.7=09%
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Z/16 /(0

HW 2 due 2/25

(M)
Effective nfeves] rale :LVW =/
Cohort Life Table

he xR de Note: £, = radix
0 100000 2625 de =l Apes
L 9737 i .
2 4730 107 So(t) =fraction of the imtial

V cohort surdving 1 120 @
7% 3460 2503 7

Survival function S¢)
SW=E eud fr X€Z,

positive
infegers
JMDO For %)k € Z,
PEORCE e S-S _ A
Sy | S(%) } A
b et - —
yoogtt
(4 yrtl
Se0,4] {sgoyi f)=-SO\ F(t)=4-5()
()= 0
Fund . Thin.

S(t)~ Pr{ Single individual Sufutving fo T.} Pelife age 0 dies befween 0<a<h}
=S@-5() = s O L=l O

ared Ac [T\Jr - J;‘ ft)dL="fr (A)

~

U

a b
Y/ 7 ANG=4
///fNiZZZ;- F(RUE) = Fe(A)Fr ()

a
@bl=A  (¢,d]1°8B



Randowm Variable (RV)
XL =>R suhthad  {SEQXO)e@b)} s an evert

Prob. Disteibuifion of X
(@, 6] vale of X Pr(e<X<h)= P (SEQXE)E (s, (,])

T=age of the element of the coborl Tt dies
Next, suppase Y=9(T) specifies @ confyacTial prymen| o be paid aT Tune of deah ¢ which
Aemds only on the ileger part of T, [T (€9, [57.321=57)

—t —t A1 t

X A1 1218 ze
What (s the avege walue of Y over The cohort?

Ans: Jffx‘fxfi is the fraction (ut of 4,)
=2 Tofal @] cohorf) = Z (Le=fars) 9

= Avg. payment (Y=9(1)=9((TD))

= 2 (I Lt ) 9000 /Ky

= Z(S(x) S(xt1)) 9(v)

= Zf (091t = =" f(t)q(t)dt = ELY]
=Tofal colingenl payment over fhe coharf.

=t expectation of Y=9(T)

Same idea Resfeicted  Fopulation
> ives aged « |
: Q)

X

Y W 1 w.
Jfod=t  [fOd<t g Ol

f(t) (o)

{(t) ¢« =5 %) feplace £() by R0

().
Fr(MB)



Review Ch |
= off Al
=le . /\
= (145" > (™= gy -] -
. 0|
H'm/z -4
STy Y
e .
0 \______,j ! "A o
[+ T
~ d=lv
e ML S i O
0 Y [
HC J(M)
l [t m - |- Al l
Conlracts
XXX - X X
=) ———— — 4]
ot 2 3 o (at {
. ‘ »
Ia'ﬁ"ﬁr‘;&: A= VAPtV = V(v 1yt = v () =V(:—fé«.~l—- -
t _ ntl 1
do=(1tV+. . +VY) - = __1_1/‘-_‘\/-__\/_“: !-v>
n = v=r
Twmediafe _ |
perpetuity = Og = T
(\=w)
@ 0 0 4] 0 0
0t 2 3.
Aty . | -
we =g TtV =
FerftTuiT/:n _ 1
e @

snothee denlify

2/18/10

(- =1 > 1i-d-id=] > j-4= i
> J=i-if
=101-4)

2y

if



9x EJT recall dy =lg Rt k{x If ket {e=1x

Ex.4 from Ch |

_de _[Hxn™ 5x<30
=7, Lax0-t 30sx<55

Fird SO, e, de, .. () 4,207 $(5) =09

Soln: S(et) B TR P Jx -
S®W o g I =1

<=3 :’.ﬁ\fox %) = (l"10> (.l’?,' ,.,h(l"‘lx-l)

-)-%_7-([ Noooéf)x_s for £=5)6,...,30
o= 6000% 09996)°7 S(30)= 0. 940945

2=31-55
S) _
G =(1-.0008)"”
Sty)-s(y-t) o
S(y) oot
So=l FQ 4ty (0)=-5'0) Tzdge of deathy Fr(T29) =5

hm P"("X<T<%‘+E) = lim

e ") dt = f)

\ = > > Y 5( tt
Defn. Py = P12yt IT2 ) < *g@l iy = 5%{7))
=1 dfy =T eseifc et e (TL7)

Defa. Limiﬁn‘j Dealh vafe (pec wit Time as €y0)

sttx = lfarce of moraiy [ failure infensity
| { bazard W (rale)
I £ ) __5'6)
J,x 'f:(t At - = B i RS g
65’(‘{{ f ENO 5(01 ? /%/J) 5(‘/!) SW Ac] O (S(V(Y ))

Ay
So, LA@ 4= GO =l (s(1)  AND S A6 ds = (50)) -y (5(q¢0)
IRSROE efo"f/t(t)at
F-S(%(\‘t) LITAGs
5



Homewark Problew:
You are given
i) 5P =095
() 2P =09%
1) A de=0.107
Calculafe P, CHil: 3P0 = 27 oF20)

Problew (.12 from Slyd:

——t+——t—t—+

A0 2 3 4 5
e ¢ K K
7%

| 1
Soln: 310p00= K(yry*+2v7)  where V= 17

Problem 10 from Slud  for HW



Outlie of the Course
Theo ry ot Ivl‘féﬂ?ﬂ‘

Life-Table STaT ¢ Suriival

2723710

Catingei!  Coqfeacts

Awoctization / MoTgage Cohort-Life Table ® Life Amuily
Aquities fe,de, 90, — Tusurance
Towt. Awn. Suryival FuncTion Tegm/ Whole Life
Aum. Due Kl H(E), — Fute Endorsemeqt
Fevpetuiy Tnfecpolation Endorsemenl  Tnsurance
Tner /Pect Models Net Single Premiums

| Premium s

Reserves/ Loss

HW 2: .10, 1.12,2.2, 2.3 (fom Slud) plus H.|

Problew H.| .
Given 1) 3 =05 Caledale. Py,
ll) 2P7| =0.9
1) 07 Ay de = 0.107
Slud 2.2 |
([ E5Ut), 20st <80
{([) R )
- 0, otherwise

Suwose (.3}0) has mMom ‘i‘ﬁiﬁme X
life aged 20

1) Py 10° (L4-%0) @ exact age of death
exfected paywedl

b) PV, vowinal rale of WferesT is (€*%8-1) Ay

if| This occurs befween 20 ¢ 70




0. Ts f(t) a density?
Lo () dt = (1+14) |3 = (50- 20) + % (80*-20%) = 60+ 55 (6000) = 60+300=360 V/

mnt \ Fac any 9(T), E[9(T)] =4\ 9ct)¥(t) dt

"a nw
mi{ / 5(0) = |
< S(20)=1
20 7 %0

@) 9(t)=10°x (14-25,)
EL )] = (0 (18- %)) (55 (14 ) dt = $321.
= gty = [P [
b) Recalls § =In(1+1) =i {*
(141%%)"= [t iere
=[ti => ="M =

nommal rate of infecest = (*%~ () /yy

Linstasitancous vate of iwferest <> force of inferesT
90)=¢" " 90 whee 90t) is 9t) from parl @
SP)* fr Death @ T) % V¢ AL

(79 (1) dt

(n(lﬂ



Slud 2.3 Col. rv. T has hazard vate

(035 [7.0-05t+ 2] >0
hit)= { 0 othecwise

0) ConsTruct a cohorl life Table with h(t) given; based on infeger ages
up o 70 ¢ vadix=£, =10°
Nofe: do calculgtion for 0,20,30,-.-,70

{s(x)zg'&"m)a)t

e = S(x) ¥4,
fx
0: 93,5095 0932
b) -55%9)2 use conditional prob.

5



2/25/(0
HW  Comwents

Slud 2.1
PV($1@t=n + $1@ t=2n) = 3
T ot
’ 1 2{‘ 1=V V" = quadalic egn.
$‘ $| W:VV\
W w-1=0
Slud 2.7

nt) =00t 5 0ST<3
Find single effective rate of inferesT

L B> $1x (tierr)
! 3 ()
0 1 2 3 (Itieee) =€

Froblem H.2

Time 0= June [, 20(0

Buy a deferced anully which pays $100/month for €0 months  beginning on
June |, 2005, jefr =67%

Calculate the cost

Step 1+ Find 1%

Soln: PValue =
(V)
0 51‘ 6 Y
/1
e $loo —> t=Tyr+ Il months
2 chojces:

{@ T anvaity Startitg @ T=4yr 1| months
@ Annuify due @ =5 yrs

(200xV# a(,'? - -v°
f J(Q?.)
100x m

lOOX(VS+V6l/(Z+VGZ/(Z_Q_‘“,{, vi("l/lZ) - wOKVSX (H’sz‘f‘.-..)



Problewm H.3

p :{l“%o) 0<t< llo p 3010
re 0 , otherwise th ™ 5)

40% pirthday is 6/1/10
ie-f'f:S%
fwds a gitt T Charily poyable o 6/1/35

{I‘f alive, $100000
Otherwise , $25000

PV(4ift) = Prob (alive) % PV (100000) + Frob (wot alive) * PV (25000)



372710

Pec petui Ties
A) Twm. Pecpefuity pays $1@T=1,2,3,...

@%f —W——t>

J(
0 2 3 hne

aiﬂ ﬂaa; m@ft mbﬁ\

g =Vevie =y (e )
==V =y (vt
C D)

v:-L-. _.-.V.._ \/4—: v = i__
A T e A S O
1 16 I
_ =" ==y t - _
s G W e ey
Fac'(:\l:-,::?(l

B) Increasing AnnuiTy
) Tmmediafe Tace  Anuify, (Ta)g
2) Toce Anuily Due, (Td)

‘ SR > Ia
AT
& & i
J —t T T —t> (IM)
A 2 NI m
LY S 1
R VA ¥ U

Ig



Lncreasing FerpeliiTies (I“)oa (Id)m
vove o v

N !u 51 40

}-" + A—f—F +
50 %1 §I $l §l.. 2 3 ¢ 5 _
—rt A $ $ m&;‘{'fv“m'f\/dm*\/ﬂﬂf\/ﬂﬂ*v ﬂm'f'_.,"(Ia()E!
$l .. N . . o
- = - I~V
T Sc ﬂ sn (Ia)‘”‘ o (I+V+Vl‘°~--) =g ..'li‘?a "F’v')
bttt J $‘ :mﬁi(TL\T)"";L”:.r:‘iT
- I $l--.
=0 t=5

Wle: 57 'V m m>-l (m)-'?'!‘\;":“
04 Exam Froblew
Find the PV of 4 pecpeluily which pays $100@ t=1yr, $200@ t=2r, -.-, 515008 t=1ye omwad

1L"2"**'’‘?‘“'\/\/*“‘”‘.27—"" 100 (Ta) =, +V' *ffioo*a_.

O g tzloo fgzoq 1,,500___“6 (51
T? i 53;‘% AW 0 1)z,
e s
oo $200
X=$100 (1) 5, = $100v" (Ta)z, = $100 (Ta) &, (-v")
HW Tips
2.1, Quadwtic i V"
2-7. e =1=6% i gy Ag v - ()
py= 100 (112 L 1) mf‘ﬁ"’ =v'"™ g

Lata Probleq.
Lata (S dage <0

- tfzg — Alive -~ $100,000
0 = _ ‘
(6/1/1) (6/1/35) Nt Alive—> $ 25,000

Calculate EPV=expected present value
2 outcomes

A= Alive @ 6/1/35 € Pob=p _
B: Not Alive @ 6/1/35 <= Proh=¢ Pry=1

Teor TR)=E(T-21T2%)  (for Chorl Life Table Probability)

14



3/4/10

MorTf_’]agt’S t Loans

L= loan Most Corwal) calculations are in Terms of per $l
Fact: Mortqages are paid wonthly (m=12) in arrears
b } >t
g&l/m |
I“‘““Lfﬁ‘lﬁ,f,"ff,ﬁ,j“"m Assume ifieff . y
T TS Reaall 1+i=(1+1%)% » 1)
~(§ l/’m

X=leve| payment
Aw?or\‘izaﬁon
[ monfh: [~ L(t22)-X |
2 tatths: | > (L(1/0) = X) (1#70) =X = LOW2Y =X (14 (1)
3 morths: L (L(1+/0)*- x(r+(h/1)))(t+/z)-x= L(+0)* =X (14 (1t7) + (1472))
k morfhs: L> L(1+70)F - X(Z (WL)’)
@ k=360+ L>0=L(H/)*- x(zaw)

360 360 360 360 360
X:L(H/L) _ (v here Z(wz)‘-' (0™ _ =) () -
Py W0 =0 MCONE 7

=0

()= (('T'(mz)u) = (1ti) X /month <> $12X/ year

2Xa)
m _ 1=V
me(M) real, 45 = g
nl [
’ 10000
— f,
0 30

ZE€t0- Coupon
0Tp= original issue discount

o]



Review Tor Exam |

Slud 2%,
- (4) d J(z)
! (4) \¥x5 -5
y y y ‘ AV (_
+ { i — $loox (11* 7 > (1-d) (L
0 5 10 (s .y
/\ It¢= I:—J'
$loo ;(’z> _ 1
i+7 - i"Jm

HY 4 Hists /Tips
Pob = §=2, Compute 1, (@
1= (some function of 4)  l(tti)=§
fob 2 | ”'K Hi: ﬁl—( ~MW—t—
0 L 2 ¢ 1 10
P P P P f
PacTa: 1000V 2000y teae = Fam
parth: 1000 (vt 2v*+5y*) = 7000 y*
= comylefe expectation of [ife Chor (o) o
'« = CilrTafe expectation =expected # of while years of remanmq [ fe

[T]=K
Peob 32 SH)=L-%5¢ | compite Ty ¢ Ay
b, = S(xt1) x=3
LSt ?-01‘ whole V(s remainm? w life
F{([T*’C]:O):‘lz
P (Cr-xd=1)=ps 14
Prab 4:

No roblems iwiolving infeqration by parts on exam

21



E[T]=?tf(t) It =15+ }S(Udt =f s@)dt  wefal idertily

Peoblew Stmilar To HWZ Extor Probleg Will be on  exam

For The exam:
~Concept of independedt lives
-Surviual functions
HW 3 Comwen]s:
SK)# 15-%
)= 1§-X
S(x) 5

Be able To do Problem 6
Fobley 7#3 Were on 4 PIRVIOUS € xeh

21



S(x) = suvival funcTion S(f‘)ﬂﬁmwwm S
Defn: ) ==S'(x) ><
define () =[-5(x) i V%

S)= (100% surviyal) ) =Afailure vafe
Hi)=S 10

S()  S() force of  Morlalify (act on Those who vewtain)

\’-—L , (time)”

Tiwe
Exponertial

A =consTadl t
st)= ¢ O < hy=consturt ) = e W AE 2 A

(ompecTz - Makeham

A=At B! ABc>0 5 C2
ajzzi%vsl”al T(i\ompmz Tz lnc
DeMoivre .
S0 =2 ]\
K by

Actucial Notation

- n_ [=V°
Mm-val'r\/s"“”-fv - i

] M

1 = vite ot V‘“‘:"V - |-V

) -y - ) _ t _ R
[—Vzl—fh:g%l:ﬁ;—:lvﬂ ()= 773V => d=[-V

Anauities cerlam

"
o _ [-Vv" s _ -V
aﬂ h i(ﬂl) ) am J(")

5/23/10

27



Perpetuifics
Oq § dg

(), 3 @iy N\ decreasing amuities

. . $2
life annuities {ﬁﬁoﬂoo L
A "o o
retice 3% arithmetic decrease
(m) ()
0"+ 0.03 (o)
G
O if n#|
(m)
Oz
(e
(i Ay



3725710
Proposition

%72 (efx) = P ¥ (ApH rit)

== 2 (o (500) = ?(fc; - ];gg

e . s ' S
tfx= 5(;() e WA ds 0% xt
\w’/

Proof of ()roposiTion

2T
MC (tpx ~~X—7Z J\ o tFx(/{(Xf /{(X» trx(/‘i(%)-/((ﬁt»

ge” f H6)ds = b'(2) A(60)) - 9'(x) A(90)

g(x)

9(%) -

S(xtt)

tfx = S) \\ t‘tle“t[)x P*CL:I

S'(ett) S(K)-S'®) S(xtr) _ S'(xtt)  S'(x) | S(xtt)
(5(x))* S(x)  S(®) S()

S'(ktt) st) s'(x) s(t) _
Sy Sw s s@ e M)

%C' (tf)oc) =

curdale expectation of life e — E(0-2])
Complefe expectation of [ife é,

e greafest wnleger < e (391 =3
CurTate Table

x’j‘m %flLl 'x"&- -x'¥3 —
Urobabili’q Mas s {md(on) Tabalated (Le,de) or SO
for value of T-% v

th ) t:O,l,Z)
tx

El90]=29(xi) r(?ﬁz)
fr(x=43) px) &> (%)

N



F(Ut-20) =0 % fr (T-< 1) + ¥ e (1ST-2<2) + 2% P (2€ T-%<3)
=0 (1=px) + 1% (preafic) + 2% (ofxmapa) £
=0% Qe+ (%P (1= pati) + 2% 202 (1= Pt ) 1o
=0% et Peqan t2ofx (xe2

=S Ktk = £ K(eent) = £, 90t « (7<)

_;:x

ngex\mc
- wfer
least Squace
T kPx%fk-‘—go

Plot wodel by Bc*
ln (8¢") =ln 81 b (c¥) Q) BB X

T relhe (R

M8 Inc

>H () =B
IHR)=AtBC* = At B 4D
DeMoivre 2=

W

Expotentia]  S(X) v/ oM

Tosurance (Tecwm or whole [ife)
Puce Endowmen]
Life Annuifies

A fiys $Uat e end of The year of death, provided ~ that

T<EHN

T-€<n
<=> Actuacial Py
Expected PV (EPV)

Vqxt VZ[?x‘txfi 1 szrx‘(‘xfz
Ax = whole [ife



3/30/10

tf as an eshiwdlor
view a5 d data Iife-Table %, 8,0, %
d) Might arise from actial data
¢9s Acturial Publications
b) 5() given > £, 4,

(riven ?o, th S(Sx(;g)

powt of view of probabilify /stafistics < efx iS a population Variable (not random)
We have 1, (or fx) samrles ¢ we view Dt as a r.y. Wh!Ch €3T[W]61T35 tf)x

Lx
Lewwa 3.|
Let 2 be monneyative, infeger value w, Then
E()=327%, p(22)) E(Z) Z; Jb(2=5) \ Fubini-Tonne];
dt?fn
Froof E@) =2 kPe (k) =58, (35 re0) = 5 (28 (e 2)) =22 P(z2))
)

r“‘;k

e =carfafe [ife expeclancy
=E(11-2IT2%) [/ XeZ
w1 P(ts T<t—”) w-%-1

'tzx PG?%) (t %> 2 Jp% (' (xf,) "‘J



HW Tigs
33, life aged 20\ 20 | o)™ 100
Tz exact age af deaTh (1) = 0.02 (t-20)€

J;O-fT(t clt" e(tZO)/IOOS;:l

@) $0° (-T/50) /=9,
b) discoutt this by factor exp(-0.08 (%-20))
9(”2 = $'06 (I*T/gg) e-O.oK(T—Zo)

7, (t-20)° M -2Y2 |
I 9 (0 dt [T Y g

MR
N
S

(b

o

™

2.5, GiomperTz-Makehawl
a) Show th-"Stﬂc%(Ct-f) lﬂfrc S= (’A , 9= CXV( B/ﬂC) Kzp®
‘b; =g e =l C(CF)
Poof: ST _ =S AG) ds
=TS
b) S“FFOS€ of50 wfeo y 0P

i/
Sh = <i°9 (10P70) - (09 ((ong)>
w C (o9 (o fe0) = 09 (o Pso)

OLTﬂW] /ix ['F Qx:kgxwngcx

=@ _ YeS") w9
@) I

ﬂx

/{/x:

()= 1 S(fc)=—§:

20



Ay = 1=d dxm lafer on...

HW Tips

38, Express i Terws of 45, the PV of an anwuity
$00 /month 1T ye
$200 (NOﬂTlx e e X X X X X

booo/monthy (0% yr
$120005” + $2400vgSt .. «—— ot acceplable

———

0 XXX -+ |

) o) ) .
> 4200 (aq v ViAo ) T =05 M= 12

3.A1. Find EPV of S% APR of an investwen] where proceeds
$10,000 @ t=5 w/ pob %
$20,000 @ =10 w/ prob 'y
defie 2= T.V. proceeds %€ {V,,V,}

41, d)expected remaining life for age 20 (20)

b) ,
elen more formal discussion viext time

To
1) Weibull (0.0063¢,1.2)
ii) Lognormal (log(50),0.325%)  S(t)= 1= (g (1) -log(50) /0.325)
(i) Piecewise -exponential  wifh

g, =d 0005 20sLsse
t71 003  t250

5(t) = p~0-00634t "

S(xtt
te= l=¢fe = |- (ttt)
S(x)
, ‘&':7/!2
2240 _ 5(40)5(23“ /e) - p~02I5% 0583
TS —s@) 1o
b S(40) -e

_(t _
S()=¢ &AS) ds " 0.0i5t

T//10

24



.a‘x:m

(|
K7

AKZ%\ :nE%

A = A * Aeest

oLife anuily due = 1+VfetVopet. .t V' fx
k(¥) =ke = (urfafe) fyfuee (ife of x LA
€c=E(ke) carfule expectation

» Tmmediale ife Auily = VPt VZsz to..t Vzozo(?x
A =V dn

+Tnsurance (ferm) = Vet Vg ee P ootV o nafe

A (Whole life)== ..

v/?lv/(N N i

i
71 A | 1
g wt w2 mk ] ke il g

Crat t=k@)+ if k@)<q
Py ME“T-{OA Lk ofherwise

Ax:m = (’Cl ﬁxﬁﬂ

ER
Ax:ﬁl “nEx
pure endowient

$1@ t=n if ) is alive al xtn
paymen'({ shecaise M{k(xpzo

Ax:%\:\/nn[)x
Apit =Vut Vi qun T-- -t Vi Trtn-
NSe=net Single premium

2r



F/6/10
HW Tips
35 boks"y g

ln9)(l
/tx='“s+2("‘w)x;£”)(" Al _ st 20 w)m(m 9)@1 e

Gompertz M-G: A=Bc )= {h (1) 0<x<A

A= A+Bc”
A=A+ B4 i ho(t) A<x<p

I Weibull
2. logpor wal
3. pw exp-

(i1) logrormal (log(50), 0.3257)
W (/[) c?)

S(t)= l-jlg(( log (t) - log(go))/ 0-325) 020325, A= loy(50)
SO=[-Ft) F't)=f(t)

ElT-20] =5 f (t-20) (1) dt
@ ‘\——/Jensdy from =0

t)=-5')= 75 f (t-20) dt

~(log t- /t)/ 2
-S'(t)=——¢ y= Lo %
ot $'(2) ik
)= g5 [ ot
f‘” t-20 [mgﬁ-'z/t )] t Htay ew‘/%
s(zo) B ot it = 5(20) Lt T’zf dv =20

v_ 03 t /{, - - afd\!
7 v o"c L=¢
(V=2oy+o?)

w _ZZ 7 _u2/ 2y Al Y oi_
fioazmﬁv/ dv=5(20) = e‘rve‘//zzeg/ze e _ T

! ©
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